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(Received 21st February 1881.)

§ 1. As a preliminary to the establishment of the law in question, it is
necessary to state and exemplify another law to which I have elsewhere directed
attention, viz.,

THE LAW OF COMPLEMENTARIES.*

To every general theorem which takes the form of an identical relation between
a number of the minors of a determinant or between the determinant itself and a
number of its minors, there corresponds another theorem derivable from the former
by merely substituting for every minor its cofactor in the determinant, and then
nmltiplying any term by such a power of the determinant as will make the terms
of the same degree.

For example, taking the well-known identity employed by HERMITE,
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* I do not know who was the first discoverer of this law. It presented itself to me when correct-
ing the proof of my paper on "General Theorems in Determinants" (Trans. Roy. Soc. Edin. 1879).
But it must have been known to Professor CAYLEY before then, for in a note to a paper by Professor
TANNER (Mess, of Math. 1878), he refers to it as a means by which Professor TANNER'S corresponding
law for Pfaffians might be established.
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and substituting for each determinant its complementary minor in the deter-
minant | a1b2cidi |, we have

\cidi\ \cidi\ \c1di\
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a special case of a theorem of SYLVESTER'S in regard to compound determinants.
It is thus seen that in virtue of the Law of Complementaries the theorems

of determinants range themselves in pairs, like pairs of theorems in geometry
in virtue of such a law as that of Reciprocal Polars.

§ 2. We come now to

THE LAW OF EXTENSIBLE MINORS.

If any identical relation he established between a number of the minors of a
determinant or between the determinant itself and a number of its minors, the
determinants being denoted by means of their principal diagonals, then a new
theorem is always obtainable by merely choosing a line of neiv letters with new
suffixes and annexing it to the end of the diagonal of every determinant, including
those of order 0, occurring in the identity.

The proof is dependent upon the Law of Complementaries, and upon the
simple fact that every minor of a given determinant is also a minor of any
determinant of which the given determinant itself is a minor. Let (A) be
the established identity, and | axb2cz. . . ln | the determinant whose minors are
involved in it. Then taking the complementary of (A) with respect to
1 a-fi2cs... 41 we have an identity, (B) say, likewise involving minors of
a1b2cs... 41- But these minors are also minors of | a-jb2c3 • • • 4''«^ • • • #«, |, and

therefore it is allowable to take the complementary of (B) with respect to this
|extended determinant. Doing this we pass, not back to (A), but to a new
theorem (A') which is seen to be derivable from (A) by annexing to the end of
the diagonal of every determinant in it the line of letters rasfi.. . zu. The law
is thus established.

The clause " including those of order 0 " is necessitated by the last clause
in the enunciation of the Law of Complementaries.

Taking as an example the simple identity

I «AC3 I =«i I V3 I — «a I Vs ! + «3 I
 Jic2 <

and using only one new letter d and one new suffix 4, we change
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into

and noting that without further change the two sides would not be of the same
degree, we annex the factor di to the left hand side, thus, as it were, extending
the process of elevation of order to an imaginary determinant of order 0. The
result is the identity

• (3)

This is verified by observing that
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and then expressing the last determinant in terms of products of complementary
minors, one factor of each product being formed from the first and last line.

Taking the identity numbered (1) above and choosing the extension e6, we
have

I « 1 C 2 « 5 | . . (4)

t « 2 ^

The corresponding extensional of (2) is

• (5)

The identities (1) and (2) however admit each of two forms of Extensional,
according as we look upon the letters in the right hand members as being mere
elements, or as being determinants of order 1. Thus from (1) we have

| a 3 e 6

Keal (6)

and from (2)
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In corroboration of these, we observe that from (4) and (6) we deduce

I I I t I

• (7)
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which is the extensional of the manifest identity
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§ 3. Thus in theory of determinants every general theorem in the form of an
identity has its complementary and its extensional. The exact relation between
the two latter is seen from the proof which has been given above, and may be
formulated as follows :—If the Complementary of (A) with respect to a certain
determinant be (B), its Complementary with respect to a determinant of higher
order is the Extensional of (B). Consequently, if, as sometimes happens, the
Complementary of (A) with respect to a certain determinant be (A) itself, its
Complementary with respect to a determinant of higher order is its Extensional.

By the two laws the theorems of determinants are knit together in a way
which is interesting theoretically, and which at the same time has the practical
advantage of making the remembrance of the whole body of theorems a very
simple matter.




